For any smooth Hurwitz curve Hn : XY n + Y Z n + X n Z = 0 over the finite field Fp, an explict description of its Weierstrass points for the morphism of lines is presented. As a consequence, the full automorphism group Aut(Hn), as well as the genera of all Galois subcovers of Hn, with n = 3, p r , are computed. Finally, a question by F. Torres on plane nonsingular maximal curves is answered.
Introduction
In many branches of mathematics, the Klein quartic H 3 : XY 3 + Y Z 3 + X 3 Z = 0 is a famous example of a curve with remarkable geometric and arithmetic properties ( [7] , [13] , and [16] ). It is known, for instance, that over the field of complex numbers H 3 has 168 automorphisms, and it is the unique curve of genus 3 attaining the Hurwitz bound |Aut(X )| ≤ 84(g X − 1), g X ≥ 2 [19] . In positive characteristic, however, the Hurwitz bound may not be valid due to the possibility of wild ramification. An example is the fact that H 3 over F 3 has 6048 automorphisms. Exceptional results that may occur only in positive characteristic make the theory of curves over finite fields into a source of compelling problems. Some of these results impact not only in the theory itself, but also related areas such as finite geometry, coding theory and number theory.
A natural generalization of the Klein quartic is the so-called Hurwitz curve
where n ≥ 3. Over the finite field F q , where q is a power of a prime p ∤ n 2 − n + 1, the curve H n is smooth, and it has been investigated from many points of view ( [1] , [2] and [4] ). For instance, it is well known that the curves H n for which n 2 − n + 1 divides q + 1 are F q 2 -maximal, i.e., they meet the Hasse-Weil upper bound ( [1] , [2] ).
For the smooth curve H n over a finite field, the primary goal of this study is to characterize its
Weierstrass points for the morphism of lines. That is, the paper will focus on the special set of inflection points P ∈ H n for which the intersection multiplicity I(P, H n ∩ T P H n ) is somewhat large. In general, the complete characterization of this special set is highly desired as it has direct applications in a range of topics, such as finite geometry, coding theory, Stöhr-Voloch theory and Galois points theory. In this manuscript, an interesting application will be the computation of the full automorphism group Aut(H n ), as well as the genera of all Galois subcovers of H n , with n = 3, p r .
A further application of our results is related to maximal curves. In some detail, we answer a question raised by Fernando Torres during the "Workshop on Algebraic curves and Function Fields over a Finite
Field" held in Perugia in February 2015. The question was whether plane nonsingular maximal curves that are not isomorphic neither to a Fermat nor Hurwitz curve do exist or not. We give a positive answer to this question in Section 6, where a family of such curves, constructed via Lucas-type polynomials, is presented.
Notation
Here, we fix some notation. Henceforth throughout the text,
• p is a prime number, F p is the corresponding finite field, and K is the algebraic closure of F p
• the integer n > 2 is such that p ∤ n 2 − n + 1
• H n : XY n + Y Z n + X n Z = 0 is the smooth Hurwitz curve defined over F p
• the function field of H n is denoted by K(x, y), where xy n + y + x n = 0
• Aut K (H n ) denotes the full automorphism group of H n • for each point P ∈ H n , j(P ) := I(P, H n ∩ T P H n ) denotes the intersection multiplicity of H n and the tangent line T P H n at P
• Ω = {P 1 , P 2 , P 3 } ⊆ H n , where P 1 = (1 : 0 : 0), P 2 = (0 : 1 : 0) and P 3 = (0 : 0 : 1).
Preliminaries
Let F : F (X, Y, Z) = 0 be a smooth plane curve of degree d defined over K, and let K(x, y) be its function field. Assume that x is a separating variable of K(x, y). If (0, 1, ǫ) is the order sequence of F , then the ramification divisor of F is defined by
where
x is the i-th Hasse derivative with respect to x, and E = P ∈F e P P , with e P = − min{0, v P (x), v P (y)}, with v P denoting the discrete valuation at P . Note that deg(E) = d and deg(div(dx)) = d(d − 3), and
For any point P ∈ F , let T P F be the tangent line to F at P . If j(P ) := I(P, F ∩ T P F ) denotes the intersection multiplicity of F and T P F at P , then it follows from [17, Theorem 1.5]) that v P (R) ≥ j(P )−ǫ, and equality holds if and only if p ∤
. In particular, R is an effective divisor.
Let H be a subgroup of Aut K (F ). The stabilizer of P ∈ F in H will be denoted by H P , and the orbit of P will be denoted by H(P ). If t is a local parameter at P , the i-th ramification subgroup of H at P is
P ⊇ · · · , and H (k) P = {1} for a sufficiently large k. Let F /H denote the quotient curve of F by H and g(F /H) denote its genus. The Riemann-Hurwitz formula gives
see [12, Theorem 11.72 ].
The following important results will be used in the proof of Theorem 4.2.
Theorem 2.1. (Roquette, [15] ) Let X be an irreducible curve of genus g ≥ 2 defined over a field of
has order at least 8g 3 , then X is birationally equivalent to one of the following plane curves.
(IV) The DLS curve (the Deligne-Lusztig curve arising from the Suzuki group) v(
Hereafter, we will focus on the smooth curve H n : XY n + Y Z n + X n Z = 0 defined over F p , where
3 Weierstrass points for the morphism of lines
Let R be the ramification divisor of H n . This section provides a complete description of the points P ∈ Supp(R) and their orders j(P ).
Lemma 3.1. Let K(x, y) be the function field of H n , and consider the set of points {P 1 , P 2 , P 3 } ⊆ H n .
Then the following hold.
(i) For any point P = (a : b : c) ∈ H n , abc = 0 if and only if P ∈ {P 1 , P 2 , P 3 }.
(ii) j(P 1 ) = j(P 2 ) = j(P 3 ) = n.
(iv) y/x, y −1 and x are local paramenters at P 1 , P 2 , and P 3 , respectively.
Proof. Consider the lines ℓ 1 : Z = 0, ℓ 2 : X = 0, and ℓ 3 : Y = 0. The divisors cut out on H n by these lines are ℓ 1 · H n = nP 1 + P 2 , ℓ 2 · H n = nP 2 + P 3 , and ℓ 3 · H n = P 1 + nP 3 . This proves the first three assertions. Clearly, (iii) implies (iv).
Proposition 3.2. Let K(x, y) be the function field of H n and dx be the differential of x. Then
Proof. Consider the curve C : nXY n−1 + Z n = 0, and let C · H n be the corresponding divisor cut out on H n . If p | n, then the computation of C · H n is trivial. Otherwise, C is a rational curve and the parametrization φ :
. Now direct computation using Lemma 3.1, the divisor (3.2), and dx = −(
y n +nx n−1 )dy proves (3.1).
Corollary 3.3. For the curve H n , the ramification divisor in (2.1) is given by
Proof. Lemma 3.1(iii) gives the divisor E = (n − 1)P 1 + P 2 . Combining Proposition 3.2 and equation (3.2) on its proof, we obtain div(dx) = div(nxy n−1 + 1) + (n 2 − 2n)P 1 + (n − 2)P 2 . The result follows after substituting E and div(dx) in (2.1).
x y denotes the i-th Hasse derivative of y with respect to x, then
Proof. From xy n + y + x n = 0, we have that D
(1)
nxy n−1 +1 . Now the higher-order derivatives will follow from D (1) x y and the standard computations using the basic properties of Hasse derivative (see e.g. [12, Section 5.10]).
2 , and
where α ∈ F p is a primitive cubic root of unity, and η ∈ K is any root of g(T ). In particular, p ≥ 7 for condition (3.9).
Proof. The discriminant ∆ is obtained by standard computation. Note that since p > 2 and p ∤ n 2 − n+ 1, the condition p | n 2 − 4n + 7 implies p > 3. Thus, if α ∈ K is a primitive cubic root of unity, then 1 − 2α e 1 − 2α 2 are the roots of n 2 − 4n + 7 ≡ 0 mod p, and then (3.8) implies (3.9). Also, since n ∈ Z, it follows that α ∈ F p , and then p ≡ 1 mod 3 gives p ≥ 7. For (3.10), one can check that g(0) = −g(1) = n − 1 ≡ 0 mod p and the identities
Theorem 3.6. Let R be the ramification divisor of the smooth Hurwitz curve H n defined over F p . Then
where W is characterized as follows.
where n = p r m, with r ≥ 1 and p ∤ m. In particular, j(P ) = p r + 1 for all P ∈ W.
and j(P ) = 3 for all P ∈ W.
Otherwise, for the polynomial g given in Lemma 3.5, we
and j(P ) = 5 for all P ∈ W.
Proof. Set x = X/Z and y = Y /Z, and let K(x, y) be the function field of H n . From Corollary 3.3, the points P ∈ W can be obtained by intersecting the affine curve f (x, y) := xy n + x n + y = 0 with the one associated to (nxy
x y given in Lemma 3.4.
(1) Case p | n. In this case, (3.4) in Lemma 3.4 yields the curve y
, and a simple calculation shows that the intersection points are those of f (x, y) = 0 subjected to
Thus for any root λ of the separable polynomial T p r +1 + T + 1, we have n 2 − n + 1 intersection points P = (x, y), where xy n−1 = λ, and y is given by solving f ( λ y n−1 , y) = 0. This proves (3.11). In addition, since #W = (p r + 1)n 2 − n + 1 and j(P ) ≥ p r + 1 for all P ∈ W, equation (2.5) implies
(2) Case p ∤ n. If p = 2 and n ≡ 1 mod 4, then (3.5) in Lemma 3.4 yields the curve (y n + x n−1 )(xy n−1 + 1) = 0. Since this curve intersects xy n + x n + y = 0 only at points P = (x, y) for which xy = 0, it follows that W = ∅. For p = 2 and n ≡ 3 mod 4, the proof is similar to the case p ∤ n. For p > 2 and
, and analogous to the case p = 2 and n ≡ 1 mod 4, we have W = ∅.
Next, we assume p ∤ (n − 1). Direct computation shows that the problem of intersecting the curves
y f xx )/2 = 0 and f (x, y) = 0 can be reduced to that of intersecting f (x, y) = 0 with the curve associated to
we arrive at the n 2 − n + 1 intersection points (t, αt n ), where t are roots of 16) which proves (3.13). Note that since h(x, y) = (n − 1)(y − αx n ) 3 , the curves f (x, y) = 0 and h(x, y) = 0 intersect at each P ∈ W with multiplicity at least 3. That is, v P (R) ≥ 3 for all P ∈ W. Since #W = n 2 − n + 1, equation (2.2) implies v P (R) = 3 for all P ∈ W. Therefore, since p ≥ 7, we have v P (R) = j(P ) − 2 and then j(P ) = 5.
(b) For p ∤ n 2 − 4n + 7, if λ is any of the three distinct roots of g(T ), then the corresponding factor y − λx n of h(x, y) yields intersection points (t, λt n ), where 17) which proves (3.14). As in the previous case, a counting argument gives j(P ) = 3 for all P ∈ W.
Corollary 3.7. Consider the smooth Hurwitz curve
is not a power of p, then for any point P ∈ H n , we have j(P ) = n if and only if P ∈ {P 1 , P 2 , P 3 }.
In particular, Aut K (H n ) acts on the set {P 1 , P 2 , P 3 }.
Proof. From Lemma 3.1 (ii), we have j(P i ) = n for i = 1, 2, 3. For the remaining points P ∈ H n , we have that either j(P ) = ǫ < n or P ∈ W, where W is completely characterized by Theorem 3.6. The last assertion follows from the fact that Aut K (H n ) PGL(3, K), as H n ⊆ P 2 is smooth (see e.g. [3] ).
The automorphism group of H n
Let us recall that n ≥ 3 is such that p ∤ n 2 − n + 1, that is, the Hurwitz curve H n over K is smooth.
Hereafter, ξ ∈ K denotes a primitive (n 2 − n + 1)-th root of unity. respectively, then the following hold.
(i) µ and σ are subgroups of Aut K (H n ) of order 3 and n 2 − n + 1, respectively.
(ii) σ ∩ µ = {1}.
Proof. The three assertions follow from straightforward computations.
The next result presents the automorphism group of the smooth Hurwitz curve H n defined over F p .
The particular cases n ∈ {3, p r } are well known, but we provide them here for the sake of completeness.
Also, the case n = p r + 1 has been recently settled in [4] . 
where ϕ :
Proof. For n = p r , the result is well known, as H n is isomorphic to the Hermitian curve (see e.g. [12, Remark 8.19] ). Let us consider the case n = 3 = p. For p = 2, note that the determinants
are such that D 1 /D 2 is a polynomial of degree 4 giving rise to the smooth curve
Thus it follows from elementary properties of determinants that the whole of PGL(3, F 2 ) is a subgroup of Aut(C). Moreover, if ζ is a generator of the cyclic group F × 8 , then one can check that
is an isomorphism from the Klein quartic H 3 to curve C. In particular, PSL(3, F 2 ) ֒→ Aut K (H 3 ), and
. For p > 3, we have p = 7 (as H 3 is nonsingular) and then Theorem 2.1 implies #Aut K (H 3 ) ≤ 168. Therefore, the classical argument for zero characteristic can be used, and it follows that
where σ, µ are given by Lemma 4.1, and T is the projective transformation associated to the matrix 5) and ξ is a primitive seventh root of unity (see e.g. [6, Section 6.5.3]).
Now let us assume n > 3. By Corollary 3.7, Aut K (H n ) admits a permutation representation ρ :
is the set of maps (X : Y : Z) → (αX : βY : Z), where α, β ∈ K\{0} are subject to
for some γ ∈ K. This gives α = β −n+1 and β n 2 −n+1 = 1, and then ker ρ = σ Aut K (H n ), where σ is given by Lemma 4.1. Since µ intersects ker ρ trivially, it follows that 3 ≤ | Im ρ| ≤ 6. On the other hand, there is no ϕ ∈ Aut K (H n ) such that ϕ(P 3 ) = P 3 and ϕ(P 1 ) = P 2 . In fact, one can check that any such a ϕ should be of type (X : Y : Z) → (αY : βX : Z), with α, β ∈ K\{0} subject to (4.6), which contradicts
, and the result follows from Lemma 4.1.
Galois subcovers of H n
In several situations, the construction of quotient curves of a given curve is desirable. To this end, one must know the stabilizers of all points of the curve. Moreover, if the order of the stabilizer of a given point is divisible by p (i.e., the stabilizer is nontame), then the ramification groups of such point must be computed. In this section, we describe all subgroups of G = Aut K (H n ) up to conjugacy and all points of H n with nontrivial stabilizers, together with their respective stabilizers. For the nontame cases, the ramification groups are also computed. As a consequence, we obtain the complete spectrum of the genera of quotient curves of the Hurwitz curve.
In what follows, we establish the following notation:
, where d divides n 2 − n + 1.
• τ := σ n 2 −n+1 3 and T 0 := τ if n ≡ 2 mod 3.
• T i := µσ i , for i = 1, . . . , n 2 − n + 1.
We start with the classification of the subgroups of G.
Proposition 5.1. The subgroups H ≤ G are the following.
(a) If |H| = 3, then
2. H = T i , for i = 1, . . . , n 2 − n + 1, with such groups forming a single conjugacy class of size n 2 −n+1 if n ≡ 2 mod 3, and three conjugacy classes of size
, represented by T j n 2 −n+1 3 with j = 1, 2, 3, otherwise.
(b) If |H| = d, where d|(n 2 − n + 1), then
, with the conjugacy classes described in (a). Proof. The list of subgroups of G follows by straightforward computations, using the fact that G = σ, µ is such that σ n 2 −n+1 = µ 3 = 1 and µσµ
(a) Assume |H| = 3 and suppose n ≡ 2 mod 3. Then n 2 − n + 1 ≡ 0 mod 3. Thus, by the Sylow Theorem, the Sylow 3-subgroups of G have order 3 and are all conjugated. Hence, such subgroups are generated by
Thus n 2 − n + 1|d(2n − 1) and n 2 − n + 1|d(n − 2). Since d < n 2 − n + 1, we conclude that n 2 − n + 1, 2n − 1 and n − 2 have a common factor ℓ. Then ℓ|2n − 1 and ℓ|2n − 4 gives ℓ = 3, which contradicts n ≡ 2 mod 3. A straightforward computation also shows that
(this does not depend on the congruence of n modulo 3). Therefore
Assume now n ≡ 2 mod 3. We will show that, up to conjugacy, H ∈ {T 0 , τ j µ | j = 0, 1, 2}, with
, and the conjugacy class of τ j µ has size n 2 −n+1 3
for j = 0, 1, 2. Recall that n ≡ 2 mod 3 is equivalent to n 2 − n + 1 ≡ 0 mod 3. Since
is not divisible by 3, we conclude that the Sylow 3-subgroups of G have order 9. The element α := ξ
is a primitive cubic root of 1, and then τ : (X : Y : Z) → (α 2 X : αY : Z). One can check that τ commutes with µ, the group order 3. Hence, every element of order 3 of G is conjugated to some element of K. Therefore, since G = σ ⋊ µ , an element of order 3 of G is of the form ρθρ −1 , where θ ∈ K and ρ = σ k µ s ∈ G, with k ∈ {0, . . . , n 2 − n} and s ∈ {0, 1, 2}. Since µ s ∈ K, we obtain ρθρ
We clearly have
. Assume that this equality holds for some 0 < k < n 2 −n+1 3
. Then, a computation as in case n ≡ 2 mod 3 shows that n 2 − n + 1 divides both k(n − 2) and k(2n − 1), and gcd(k(n − 2), k(2n − 1)) = 3k. Thus n 2 − n + 1 divides 3k, a contradiction.
Moreover, as we saw previously,
Hence, the subgroups
}, are pairwise distinct. Since τ is in the center of G, τ is the only group in its conjugacy class. The fact that τ is central in G also gives σ
Thus σ k τ µσ −k , where k ∈ {1, . . . , In particular, τ / ∈ H. By (a) and the equality σ l µσ −l = µσ −l(n+1) for all integer l, there exists j ∈ {1, . . . ,
∈ H, where s ∈ {1, 2} and k ∈ {1, . . . ,
Therefore, H is conjugated to one of the following:
Since these subgroups are not conjugated to each other, we have the conclusion. If 3|d, then τ ∈ H. Hence σ j µσ −j ∈ H for some j, which implies that H is conjugated to µ · S d .
Now that we have the classification of all subgroups of G up to conjugacy, we want to explore which ones of them fix points of H n . Recall that Ω = {P 1 , P 2 , P 3 } ⊂ H n is the fundamental triangle.
Lemma 5.2. The automorphism σ fixes Ω pointwise and the remaining points of H n are in long orbits of σ. Furthermore, no automorphism of H n outside σ fixes a point of Ω.
Proof. The proof of the first claim is straightforward. For the second claim, note that if π ∈ Aut(H n )\ σ , then π = µ s σ k for some s ∈ {1, 2} and k ∈ {0, 1, . . . , n 2 − n}. Since
the conclusion follows directly.
Lemma 5.3. Let H be a nontrivial subgroup of G that fixes some point P ∈ H n . Then either H ≤ σ or |H| = 3
Proof. Suppose that H ≤ σ . Then P / ∈ Ω by Lemma 5.2. The Orbit-Stabilizer Theorem gives
and n 2 − n + 1 is odd, we obtain the result. (1) µ has no fixed points.
(2) τ fixes Ω pointwise. Moreover, besides the subgroups of σ and the conjugated of the groups described in (2), (3) and (4) above, no other subgroup of G fixes a point of H n .
Proof. A straightforward computation as in Proposition 5.4 gives the result on the fixed points of the respective groups. Once again, the last statement follows from Proposition 5.1 item (a) and Lemma
5.3.
if and only if p = 3 and 3 ∤ n 2 − n + 1. As we saw in Proposition 5.5, 3 ∤ n 2 − n + 1 is equivalent to n ≡ 2 mod 3. In the next proposition, we determine the ramification groups of the points outside Ω = {P 1 , P 2 , P 3 } with nontrivial stabilizer.
Proposition 5.6. Assume that p = 3 and n ≡ 2 mod 3. If P ∈ H n \Ω has nontrivial stabilizer in G,
P denotes the i-th ramification group of P in G.
Proof. If P is a point as in the statement, then by Proposition 5.4 we may assume that P = (1 : 1 : 1).
Recall that the stabilizer of P is
function field of H n , where x = X/Z mod F and y = Y /Z mod F . Since the tangent line to H n at P is given by X + Y + Z = 0, we have that t = x − 1 is a local parameter at P . Hence µ(x) = y/x and
Consider the local expansions of x = 1 + t and y = 1 − t + a 2 t 2 + a 3 t 3 + · · · at P . Then
If n ≡ 0 mod 3, then P is an inflection point (by Theorem 3.6), which means that v P (y + x + 1) = v P (y + t − 1) > 2. Hence a 2 = 0, which gives v P (µ(t) − t) = 2 by (5.1). Assume now n ≡ 1 mod 3. In this case, a 2 = 0. By the local expansion of y at P , we have that a 2 = D
t (y)(P ). Since
we obtain a 2 = n n+1 = 1, and so v P (µ(t) − t) = 2. Now we are in a position to present the list of possible genera of the quotients of H n .
Theorem 5.7. The list of all possible values of g(H n /H), where H ≤ G, is given below.
(a) Case n ≡ 2 mod 3:
, where d|n 2 − n + 1.
(b) Case n ≡ 2 mod 3:
, where d|n 2 − n + 1 and 3 ∤ d.
, where d|n 2 − n + 1 and 3|d.
Proof. The fact that the list above is exhaustive follows from Proposition 5.1. The genera follow from 
P | = 3, and |(T n 2 −n+1 )
Hence, the Riemann-Hurwitz genus formula (2.4) gives
and so g(H n /T n 2 −n+1 ) = 
.
An application: nonisomorphic families of plane nonsingular maximal curves
In this section, we present a further application of our results. More in detail, we present a new family of plane nonsingular maximal curves C n . Here, new means that C n is not isomorphic neither to the Fermat curve F n nor to the Hurwitz curve H n . In particular, we answer a question raised by Fernando
Torres during the "Workshop on Algebraic curves and Function Fields over a Finite Field" held in Perugia in February 2015.
be the polynomial ring of univariate polynomials with coefficients in K. We define the n-th Lucas-type polynomial L n (x) as
A fundamental property of the Lucas-type polynomial L n (x) is given by the following Lemma.
Lemma 6.2. For n ≥ 2, the n-th Lucas-type polynomial satisfies
Proof. By induction on n. For n = 2, a straightforward computation yields
Next, assume n > 2 and that property (6.1) holds for any k < n. Then, we get
By the induction hypothesis, the latter equality reads
whence our assertion follows. Proposition 6.3. Let char(K) = p > 2, and let n be a divisor of
2 , r ≥ 1. Then the curve C n given by the affine equation
is a smooth plane F p 2r maximal curve.
Proof. Note that, if p ∤ n, Lemma 6.2 ensures that L n (x) is separable. Hence, C n is irreducible and nonsingular. By Lemma 6.2, we have that C n is a subcover of the Generalized Fermat curve G n of affine equation G n : y n = x 2n + 1. More in detail, let ψ : G n → C n being given by
Then by Lemma 6.2, it follows that
whence C n is covered by G n .
Finally, by [18, Theorem 5] , G n is F p 2r -maximal if and only if n | p r + 1, whence our assertion follows.
Proposition 6.4. Let K be an algebraically closed field of characteristic p > 2, and let
be a plane curve defined over K where p ∤ 2n, n | p r +1
2 , and L n (X, 1) is the n-th Lucas-type polynomial. Then C n has either n or 3n total inflection points. If n > 3, then the latter case occurs if and only if C n is projectively equivalent to the Fermat curve Proof. Let I = {P i = (x i : 0 : 1) | L n (x i , 1) = 0, i = 1, · · · , n}. It is immediately seen that the points in I are total inflection points of C n whose tangent lines are X = x i Z, and that no other inflection point of C n has tangent line of this latter type. Let P ∈ C n \I be a total inflection point of C n , and let ℓ be the corresponding tangent line. From (6.1), it is easy to check that ℓ cannot be of type bY + cZ = 0, and thus ℓ has an affine equation of type Y = aX + bZ, where a = 0. A computation shows that the 2d points in C n ∩ {XZ = 0} are not inflection points. Hence, let P = (x 0 : y 0 : 1), with x 0 y 0 = 0 be a further total inflection point for C n . Then we have the polynomial identity (ax + b) n − L n (x) = (a n − 1)(x − x 0 ) n , where a n = 1. Also, the substitution x → x + 1 x yields a n (x 2 + b a x + 1) n + (1 − a n )(x 2 − x 0 x + 1) n = x 2n + 1, (6.2)
x n . In the expansion of (x 2 + tx + 1) n , note that the coefficients of x 2n−1 , x 2n−2 , x 2n−3 and x 2n−4 are respectively nt, n + Clearly (6.3) does not hold for k = 2, and since the smooth curve X k + Y k = 2Z k is not rational for k ≥ 3, it follows that k = 1. Therefore, n = p r +1
2 . The last assertion follows from the F p 2r -maximality of C n , and from the classification of maximal curves of genus g = g(C n ), see [5, Theorem 1.1].
Remark 6.5. For n = 3, it is easily seen that the curves F 3 and C 3 are isomorphic via a fractional transformation.
Corollary 6.6. Let q be a power of a prime p > 2. For any divisor n of q + 1, with 3 < n < q+1 2 , there exist a smooth plane F q 2 -maximal curve C such that neither a Fermat F n nor Hurwitz curve H n−1 of degree n is isomorphic to C.
Proof. Clearly, we have C = C n . On the one hand, Proposition 6.4 ensures that C n is not isomorphic to F n . On the other hand, it is enough to observe that H n has no total inflection points, and again the result follows by Proposition 6.4.
